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Sone Problems i the Allecation of Interseptors

in the Nufensze of & Task Group

1. Introduction

We consider here the defense of a carrier tvasik group
agalilnat eawmy air attacks that are larpe and all of the same
typs. Ths vord "large" will be defined belows the sssunpmtion
of larreriess mekes possiblie certeln slmplifications. By
"all of the same type" 1z meant that the problem of seleoting
weapons for use against different types of alreraft is not
conaidered hLere.

The {irst part of the paper (sections £-7) deals with
the prcolem of iIntograting the first twe phases (interceptors
and guided missiles) of the defense. It is brought out here
that the two phases arc related through the {fact that an
interssptor has at least the following two objectives:

(1) to ki1li a bowbar (To "kill" will mesn to prevsent

the bonmber from delivering its bombs.)

(31) to break up the enamy formation sc as to make 1t

& better target for puidsd missiles and anti-

gliroralt.
It i3 conceiveble that in certain oilrcumstances objective (11)
may be.impossiblai wnen thia is the case ths 1ntefoeptor and
gulded-missilc phases become independsant and the entire problen
iz sinplified. Three differant modcls are used to provide a
#inpls mathomaticel exprossion for the effect of (1i). Ia
terms of these models we answer the question, "Should the enemy

alviaye bring in all of his aircraft in one raid (to be ocalled
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a "maximm raid") or should he somstimes divide his forees
80 as to persuads the dsfense to adopt a polisy of saving
some of 1ta forces for o later attack that mey not cous?”
In answoring thie question we automatically deal with the
problom of aliocation of Combat Alr Patrol.

Singce the first part iends support to the natural view
that tho meximam raid 1s in many ca.aés most effastive, the
socond pert {e=sctions 8+1}}) is devoted to the cass of one
iarge raid. Heore it 1s assumcd that the enemy will attempt
to have all of his M available airoraft arrive at soms time «
(unlmown to the defenssj, but that it will be diffioult for '
him to achieve this siiniltaneity, and there wlil be & dispex~-
glon 0 in the =rrival times of attacking bomberse Detectlon
times of ths earliest arrivels ennble thc defense %o form
estimates of M,x; and o, but 1t is ghown that %the defense
cannot obtain ussful estiwatos of thuss paramsicrs unisas he
Inows somsthing about at least ome of thism from operat.{ml
experience or from intelligence. Uniortunately; statistical
egtimation hore demands a lmowm (prerersbly approximately
normel) type of distribution of detecticn times, tut the dis~
onsaisn nevartheless brings out the kind of information that
is nesded during the engagement and descrites a msthod of
displaying it.

2+ Notation
We 1let

M = total nmusbsr ¢ amoemy sirereflt participating in

one raid or in two raids ciose togother in time.

N = totsl number of alrborne CAP when first rald is=
AN PNNe™y) ", & T
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detsated,

Py © probability that an intcreeptor will kiil an
aettacking airorafte (It will be asmumeld thai
speeds are such that no interssptor will kill
two alroraft in one miasion.)

m = number of grided misslile salvos that san be fired
egalinst one rald whis:h consists of alroraft arrive
ing almost simultiansously. (This number is only
a first approximation to rcaliism; in practice it
may vary with several factors such as the dirsction
or directions from which enemy aircraft approach.)

3« The Problem c¢f One Rald vse. Two Ralds

The zdvantages of tho maximum reid are those of surprise,
saturation of defense systems, and minimm CAP interference
in case the defense decides to save scme CAP for possible later
raidse JTn order to obtain the latter advantage, the enemy
must occasionally send more than one raid. If Ry arnd Rp
denote the first two raids, R mmst not bz I33s5858 too soon
arter Ry, else they will oconstitute egsentially one raid -
e-g:; 1€ 21) N OAP wsre initlally senti exainst R; it wuld
not be too iate to divert soms to Rp- On the other hand, Ry
mist not arrive too long aftor detectlon of Rj;, a8 additional
interceptors alerted by detestion of F; may then bo airborne.
The eneryy is fased with a difficult timing problem which is
complionted wy the fast that detection times are not sntirely

at his disposale. For this reason, as well as Ior rmathemetical

simplielitys we shall supposes that the enemy ohooses wnly
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betwesn sending e maximmmm rald of size M or two raids of
slze /2 each. Resulits will cover scmswhat more general
slouniions, since 4in casos vhere %$ws sgqual ralds should nevor
be used, the same will probadbly be truec of two unequal raids

or ¢f thres or more raids-

I+ lodels Based on "Probability cf Break-up"

Two modelx will bo considered here for dessribing the
effect of interceptors in bresking up an enemy formation in
such 8 way that the formation becomes a boetter target for
guided missilesc ESince this affect iz a ccomplicatsd cne, the
simple models used below to descerliie 3t are to he aonstrued
ag merely helpful rather than acourate.

Model L. VWe assume hors that the break-up is wifh
respect to time, so that a formation that has taen broken up
will straggle in: relatively spsaking. If the formation is
unbrcizan there will be time for only m guided misslile galvs
sgalnst it, while if the formastion is broken there will be
time four one salvo against ocacu eiroraft. Intermedista pca-
sibilities will be ignored. We let

Po = probabllity of kiil Jlor a guldod missile salvo.
¥odsl Be In this czse the breek-up ls considered to
be with respect to distance. It 1s assunmed that the formation
of bombers is t2 ght encugh so that guldsd misslle radars m=y
not be adble to resolve individual aireraft. The interasptors
cannot £low down ths formation but may be able %o break 1t
up in the menges of saualng it to spresd out enough to allow

resolution. Again we lgnore iantermediates cases. Ws let

fﬁ!“lpir\!“\,*|Al
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Pa = probability, when formntion is umbroken, that
2 missile saivo wlil kill a bomber
pu = probability; when forisation 48 broken, thet
a misslile selvo will k41l a borber
and we suppose in elther casz that there is time for only m
ealvos.

In order to slmplifly similtcneous trsatuent of these

two models, we 1zt
£i{x,y) = probability that ¥ interceptors will bresk
up a rormation of x alrcrarlt

whethsr the breali-up 1z in the sense of model A ox of modui
Be Obviously the funotion f(x;¥) 4is not necsssarily the
sams for the two models.

~ kodel A proba‘bly would apply only to cases mvclvm_g
low~speed, low-periornence aircraft, while model B 1s pre-
ferable for high~gpecd engagements. Of course many ctbor
models, including combinetione of theas, are conseivabis.

In both models the measurs of effectivensss of the rald
will be tha expected number of penetrating airoraft, that is,
airoraft not killed (in thoe scuse of (1) of secticn 1) by
interceptors or gulded missiles. II *n one engagemont =
enemy airoraft are met by ¥ Iinterceptors, the expsotad
mmber L(x,y) of penetrating aircralt 1s | ‘

(1) Blayi = = = ypy = L%y} {x~ypq )pp - [1 - £(xy¥)lmp,

for model A, or

¢

(2} B{xy5) * x - yp1 - :f»‘\xw)mzp-4 = [1 = £(x,¥)}mps

for modsl B.

o —
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These {ormmles are exact only if the smallest pessible numbar

oi plones penetrating the intercepior defense (1.0 X - )

is > my that is,; if there mat be a¥ least m planes remain-
ing for the guided m;.aaﬂ.a.as they may, howsver, aerve asg an
approximation if =x - ypy > my that is, if 1t 1= "probable"

that at least m planes will remain. Wa therefore assums

thet x*n R 721 in svery asngagement that we consider, or
elmply thet § > m © Wp .~ Tals sonditlon defines the word "lerge™
usad in the beginning of the introduection. (It should be pointed
sut that the assumption in mcdel A tha% 2 guided migsile asalvo
can be fired against every aircraft of a troken formation mey

be unrealistic in the case of very large reldsp in this cass,
however, strategy 1s nct 1ikely to have much influence on the

OUTCOoNB ¢

S- 3Solutisn of the Irobloms fosed by Models A and B.

The problem can now be set up in the language of ihe
thoory of gamcs. Ths strategiss for player I (attacker) ara:
l. Send 211 M airorafi in one raid
2. Send two raids of M/2 aircraft each
Strategles for pleyer II (defender) ares
l. Send all ¥ CAP ageinst the fiwst raild
2. Sand N/2 CAP against the first raid, holding the
remainder for a possible necond raid. o

The payoff wetrix is then tias following:

T
O
e
=
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Strategies of Flayer II
i 2
1 | Byy * E(MN) Eyp = E(¥:N/2)

ocrategise
"—*l.ver I 2| Epy = E(1/2,0) + E(W2,0)

= 2u(1/2;%/2)

R?:

Here tho values of E(M,N), ets., are computed acoording to
fornmla (1) or (2) depending on the wudel usede
‘ In sslving tho game we assume, as noted ocarlier; thal

g- ¥py > my and also that

£{M,N) > £{M,N/2).

£(M/2,8) > £{M/2,8/2) 2 £(¥/2,0)

£00%/2,8/2) > £(MK/2).
For model B we assume in addition that py 2 Py It then
follows that Ejp > Eqy and E,, 2 E,-» 80 thot s solution

aan be written as follows for be th models?

Optimal Strategy

, Onge Player X Fiayer IT

Eyp Z Bpys Byy 28y = =
Byp Z Epyr Byy < By “ &
Eoo < 3219 Ell > 321 1 1
Eza < _Eal’ Bu < E21 (X.vl'X) (Yoi‘i:’

Here (X,1-X) indicated a mixed strategy, using strategy 1 with
probapility X =cond gfmtegy 2 with probabiilty 1-X. UWe heve
X = (Bpy = Byp)/(Byy = By + By = Byq)
Y = (B3z = BE2p)/{Epy = BEgp * Ezp = Ey,)
(In eertain cases where eguality signs hold, the solution is
not unlonee.)
The first two casas in the table of stratogles seem

CONFIDENTIAL
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unlikely to ocour: the irement that Ep-» 7 Epq masna
that if the enemy splits his forcos the defonse may neverthe~
laas dn bstter to send all of his CAP agzainst the Tirst railde.
This could conceivably be ths zass &L N Anterceptcrz hed s
very much higher probability of brealdng up a fermation of
/2 aircraft than would /2 interceptors. The third case
in the table seens most likely to ooccur In prastice. The
followling exarnlen provide solutions icr & case using what
seem to be reaacnsble values of the parameterse. Thess examples,
Insidentally, illustrzte the fact that solutions in modsli A
depend on M, while those in rodel B do not except through
the funetion f£(x,y)s which is probably not sensitiva to M
wvhen M 18 largo.

Exemple for model A. ILet us suppose that ¥ = 20, m = 10
Py = 035 £(MN) = Ce3s £1M,1/2) = 0.2, £0/2,7) = 0.l
£(¥/2,8/2) = 0.3, and £(1/2,0) = C.1. ([Note. The last uumber

-

8
is not U, as the formatlon may brazk up a2ecldentally.)] We

£

g% assums thot M/2 > + Npy» ublch mecns that ¥ > 32.

If wo feol thet the 2nem will not send nore than 32 alreraft,

B

8 dsalsion as te disposal of the 20 CAP 13 not ao dAilficults
at any rate 1% must be made by another method. We £ind at cnce
that Epp 2 Eyy only 4f M 208, so wo must be in the third
or {fourth case of the table of astratogiles. We find that

Ey1 2 Bpy i un\. only if ¥ < 146
Hence 1f we belleve that h < 146 we send all CAP agalnst the
first raid. Otherwise we use & mixed strategy, sending all CAP
againat the lfirst raid with probabllity
Y = (10,8 + 0.1H)(36h + 0.15M)s

CONFINDENTIA
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That wse do not have o lmow M with great accuracy is shown 1
by the foilowing tabls of variation of Y with M:
K |32 to 148| 200 ‘ 300 | 500

l_ '3

-—

o I

g 092 i 085 i T8

Ixemple for Model B. Usling the same numbers es in ths

preceding examgle, together with P3 = O«1 and Py = 0.5, we
find that Epp < Eoy and Ell > Ezys 30 that the enemy should

send a maximum rald and all CAP should be sent against it.

6« The Cass of Unequal Threats.

The methods of the precedling section can te extended to
the situation wherein the enemy has twe groups of airerafli of
unequal threat which can bs brought in singly or simultaneously.
T™his Gould occur Lecauss of diiferent woapons dslivered by ths
two groups or bosause of a single avellasblo atomle bomk. Ths
reguliing game has besen solved, using the point of visw of model
B, but tho solution reauircs that the deisnass know the relative
threats of ths two groups of alrcraft (although not which ons
is first in caso thoy are split.) A comsiderable number of cases

must be enunerated, and the solution wlll not be conaldered here,

7+ A Model in which Formation Bresk-up is & Strategy.

Vie conslder now a model in whioh the breaking up of a
formeticn 18 notc a matter of probablility but depends only on
the attaecker’s doctrine regarding mansuvering. That ls; we
assume that the enemy can declde to maneuver or not to maneuver
whiles being attacked by interceptors. If he maneuvore; he
presents a more difficult tarpet tc the intercoptors, but hls

formation will probably not remain tight enough te prevent

CONEIDENTIAI
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resolution by the guided mimsile radars. The importaant para-
msters hers are p1s» Pzs P3» e defined &3 follows:

Enemy munouvars during interceptiocn phase

Yo Yo
kill probebility for ezch
interceptor Py p2
kill probabiiity for sasch
gulded missile salvo Py ph

Wo ahnall assume that Py < Py and that pB > ph. If oither
of these 1ia falae and the other true, there is no problem.

Let us suppose that an enenyy raid of x alroraft is mef;
by y 3nlercsptora. Thoss ensumy eliroraft whick survive the
interceptor phasé are attacked by & Iixed nmumbsr m of guided
missile salvos. If we assume that x 1o large enough so that
Z = ypo ¥ my the expocted mumber of alrorallt psnetrating both
defsnsecs is, at 1east. approxlmmtely,

(1) X = ¥py “ Dy 1f enemy maneuvers

(2) or x = ypo - my, if enemy does aot mansuvere.

If the enemy had all information, therefore, he would
maneuver if and only if _ .

X = JPy  mpy >z"¥i’-‘2'@u!
that is, he should maneuver if aud oniy if he is met by more
than 3, icteroeptors, where yy = m{py~ B}/ (p,= Py}« The
Tfaot that yy does not depend on X is due to the asswptiorn
that x 1# largse compared to 7y @md Ge

In practice; the ensmy probably Sannot datermine, in time

to meke s Amalzion, the exast murber of irntarceptors. His

CONFIDENTIAL

- ‘D B




Nt

=
:l:sv

ENT

O

7

-u-  C L
radar resolution may be assumed to be such that he can dia-
tinguish only among “"ome"; "few®, and "many" intereeptcase
7o express thila fact in & simple silmwbical Wy We PoOsStuiIats
S muber w, €7 such that
vhen y £y, the mnemy imata $hes y < ¥;s Dub
when ¥y >y, he cannot tell.
We shalli sssums that the sacipy do0strine is to instruct eash
r2id haforne soing in either to mansuver {if snd only if met
by more than ¥y, intereeptors} or not to maneuver in axy case.
We suppose as defore tha% there are K airhorme CAF and
M alrsraft which are
Brought in either all at once or in twe egqual raids so oclose

Hv

that the enemy has a total forss

tcgether in time that detection of tue Tirst rald doss not
ooour sarliy enough to allow additional interceptors to decome
airborne and intercept the seccnd raild. Previousliy it has been
agsundd thet nm guldsd mliasile a2lvoz sould be fired agalnst
sach ®nid, but hers ws take a mere general case, assuming that
ooty lom (vhere 0 <k < 1) salvoz can Lo fired against the
scoond raide

Stratiegles: We ailow ths defense N+1 siratsgiss,
numbsred 0, 1, 2, ++¢y N according to the anumber of CAP sent
againat ths Jirst raid. The enemy ia given six atrategles:
nonbered as follows:

Send all aircraft in one rafd with instruetions

1. %o maneuvser

2+« not Yo mansuwdr

Ssnd elrcraft 1a twe squal ralds and ianstruot

3. hoth to marsuver
COANCYN ag
ONFIiDFNTIAL
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e the first to meneuver, ths second not to maneuver
£+ the first not o mansuver, tho second to maneuver
L. both not to meneuvere.

We let Gij be the payvsff, in expected number oif psne-~

trating aircraft, when the enomy uses strategy 1 (1 = 1le 25 eeo, 5)

and the defonse uses strategy J = (J = 05 1 25, eoey N)e The
values of the Gy j are given below. To show how thoy are c om~
rated let us use Gi&j as an sxample. Hore the enemy sende MN/2
aireraft in raid I with instructlons to maneuver 1f met by mors
than 7y, intorsspiors, and M/2 alircraft in rald 2 with in-
structions not to maneuver. I1II the delence uses a strategy

j ¥ ¥o» meither rald maneuvers md the valuo of G 45 computsd

from (2)- 1s I - Npo- - kmp, . If ] > Vo? tho first raid

'—.x <
&
maneuvers and Gi&d" ocomputad from (1) md {2), is

(12/2 ~ Jp;- mpg) + (W2 = (N - $)p,~ Iapy, 1o
Frogeeding in similgr fesnlon we obtain the following:

P}_J =, e jpz"' mp’-i- i g = Jo
¥ = Jpy- mp. ir 3>y,

Gay = M = Jpp= mp, for &1l

G35 = ¥ = Jpp- mp = {Ni~J)py= loup, if 327
= ¥ = Npy~ (1l+lt)mpq if yo < 3 < N-y,
2 M= '!Pl- mps- (R-j)Pa" mq’ ifr 3 3 K - YO

Gb_; = M - Npp= (1+k)mpb i 2 < v,
=N = Jpy- mog- (N-3)ps- lrmp 1f § > 3,

G5y = M = Jpp~ mp,~ (N=J)py= Jops 1 j <X - 3o

Gojy = M = Npp- (i+k)ump), for all j.

CONFIDENTIAL
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it is easy to show that
1: 2 G}j and G1gj ;’_GM for ell }
end Gpy 2 Ggy ma Gos 2 Gg3 for &il j,
the equallity sizns here being Irporniblo unisss, among cther

things, X = 0, It folleows that in this model ths enermy should

use the reximum raid, regardless of the defender!s strategy

oy the valuos of the parameters. It is evideni:.s then, that

the defense should use strategy N, and this ¢an be shown from
the formulas for Gpj @and Gpys Thus the defense should use
all CAP agalnst the first raid, and the cremy should mansuver

2220 B ;

1f and enly if he thinka N > y,.

8. The Csse of (ne Large Raid.

Prom thia voint we assume that the ensewy dellivera all
hils aiveraft (about 2CC to 300) in one raid, but that he is
not able to msls 21l these alrcraft arrive simultaneously. The
sessntial soncept to be used is that of a "unit® of aircraflt.
We shall suprose that enemy elirerart arrive in units of about
6 or 8 ailrsvafi sachi t.ae actual number hore Ls nnt Impartant,
exeept that in thls treatment we must suppose Ithat the number
of units, say 30 -~ 50, 1s large enough to be treated statis-

tically. (Unless information te the contrary is avallabls, one

may as well suppose that thess unilts are of the same compositione.

Howsver; if tbe dsfonder expscts,; zays onz collectlien of units
ef dive bombers and one collaction of units of high altitude
bomberss he can declde how Lie wishas to divlde his forces Vs~
tween the two attacks and then consldar sach attack as a

separate problem of the typo below.)

CONFIDENTIAL
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As a gulding principls for the defvnder, we shall zupposse
that the best dispesition of hie Intercsptors 1s that which
presentas, as nearly as possible, an equel thrsal to each unit
of enery aclreraft. The delender?s principal problem. thon, is
to declde how many Interceptcis to vector against sach enermy

units that 1s to daclde on & unit gize of his Oune

9. Notation.
Yo first doline a reglon A around the task group deter-
mined by the defender as followa: =23 long as a given enemy
Wi nas not penetrated A 1t 1s not too late to vector alrboime
intercoptors toward 1ty bui once the wnit Lins ponctratsd 4 It
is considered too late to do sos (Here, &s well &s belows it
will be convenient to use "alrborne"™ to mean at aliitude, over
or near the task group.) iny enermy units whicth are not detec-

ted until already In A are lrrelevant ¢ Lo problem under

We let ¢, estand for the time of first detection. As
before, R will be the nuwnber < alrborne CADI at tims tg» but
M will be the number of enemy units (not aircraift). The size
of these unlts, assumed constant, 1s of course important to
the outcome of the whole engagement, but does not affeoct the
declslons considered nere.

Two important functions saxve shown {qualitatively) 1n

Figure le.

CONFIDENTIAL
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Units of Aivcraft

Figuare 1

The curve F(t) shows the mueber of eriemty units that
will hove punetrated A by time t unleas provented - . - ing
80 by 1n.tracshters. If F{t) is moro nearly vertic .t ¢
enermy 1s moro nearly achleving hls objectiva of aimuitaneousl
arrival. Ths shape and lozation of the F(t) osurve will ds-
pend on M, on the distance from A {at dstection tims) of the
Iirst unlt %o be detecteds; and on various fectors which deter-
riinie the enery's ablliiy to synchronizs nls units, suoch &z the

number snnd location of his alrbases and the state of training

The funstion G(t;} represents the number of units of
airborne interceptors that the defense has put up by time .
At time t, ateps are lumedistely taken to launch additional
intereeptors, and, starting el a time &y, ithere are b addi-
tional interesptors sirborne per minute. The graph of G(t)
coniaiste of thres partst phase 1, tims ty to %y, & hori-
zontal line represontlng the number of airborne units at ¢,
phasa 2; time &y to ©5: 2 line of slopas D» representing
units of intorceptors becoming airborme after ¢33 and phasme
3, another horizontal 1lina. beginning at time t, when the

defense has sithar run ocut of intercesptors or has declided not
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to use any more in the present engagement.

(It may occour that the CAP alrcraft; deosigned for eandu-
rance, are leas sffective as righters than the interceptors
launched later, I% will be sszumed below that thias is not

the cass, o wather, that 1f the CAP alrcraft are, say, only

ct

hres={ourths as ef'foctive as the others, then ezch four CAP

aircraft are treatod as though they wsre only threo interssptors.

10. Ths lMathod.

The defender's chisf problem will be to estimate the
curve F(t). Once 2 nurber of such larpe ongogemonts have taken
places operatlicnal data shonld be avallable which will provide
information about {%). Witk this informution: combined with
knowledge of number and location of enewmy sirbascs in the vieli~
nity; a fairiy good estimate of F(t) should be pessibles. In
the abaence of copsratlonal datay the deluunder must ba coutent
with some assumed form: he may acsuncs {or examples that arrival
times of enemy units are normally distributed about thelr tims
of estimated axvival, with 2 standard deviation that depends
on the distence from the enernyy bases to the task groupe.

It will be assumed that the basis for decision~moking

will, in general, bs the principle that the curve G{t) mst

always remain abovs the eurvs P(t) when the twe ere plotted

together; otherwiss, of course; some snemy units, though detected
vefore entering A, will not be lntercepted. Possible szceptions
to thia rule wlll be noted as we proceed.

Given certulin forces at tho onsst, that 18, glven &
certaln amount of CAP and the ability to put airsreft into the

air at 2 cortein maximmm rate, the dofendsr has no way of

(ONWDFNTAI
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inerepsing hls capebilitles ss measured by totel number of
intercsptors airborne by a civer time. He can, however, eon=
trol the graph of G(t) somowhet by changing his unit sizoe.
If his unlt sizs is too large, the G(t; graph will not stay

3

sbove the I'{i) graphs on thse other hond: tho unit size shounlad

[

2% 8

be as large as possible in terms of tho defendert!s capabllitles.
{Givon cortain kinds of information, 1t may ovon be desirsble
to lat the (%) pgraph drop below the F(t) graph at times,
provided the Incroased effoctiveness due to a greator unlt

size compensates or the dasnage done by uninterceptod ensry

Let us consider = nypothetlecel sxample with mumbers
chosen simply for arithmetical convenlencs. The defender has
36 elrberne CAP at time 4, = O, and at &y = 10 minutes he
can start putting up 12 additional interceptors psr minute

and continue thie for 10 minutese.

G (t)

/ G, (t)
Unit / -
of /G0
r‘\.'r'c.fq,fé'
/ / [
7 J
1”7 F(¥)
&
AY / .
0] 10 20

Time, minvites

Filgure 2
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Tigurse 2 sihows how he san vary hies G{t} graph by varying
his unit size, Gi(t)s for L = 2. 2. h. representing the use
of 4 Intercentcrs poer unit. Two posaible onomy curvesr, Fl(t)
end Tpo(4)s are also shovm. If the distritvution of enemy unitis
ts Fy(t)s the defonder con use Gh(t), that 1a, ho can send
his intorcepiors in units of L against soch ononmy unit. If
tae distribution of enewy units ic Fa(t)s the delfender can
safely send only two Interceptors against each encmy wnit during
phase 1, but he econ increass thils figure to L during phase 2.
Thore ias been evlidence in the paai that the effectiveneps
of an Interception incroasea wlth the distance of the intercsp~
tion from the task groupe. If thiz continues to be ths case;
the lowest G4(%) curvs thai lies wholly above the T(t) ourve
will not nocossarily be the best cholcoe. However, until opera=-
tional data arc avallable for the high-speed engagemenits of the
future, there is no way Lo wolgh the factors inéclvea hore; ao
that one may as well assime whal may turn out to be the case,
namely that thers is 1little or no advantage to vory esrly in-
terceptione
In introducing tho methcd 1% has been supposed thet the
dofender kunows the graph of #{%) oxastly. In practice this
is of cource imposclble and woe next conslder the problem of

sstimating F(t).

iie The Flrat Estimate.

In the absence of any data to ihe conbtrary, we ghall
assums that enemy unlts ocume in &t times which are ncormally

distributed about en unkmowm mean time 4 with standard devia-
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tion o+ We shall suppose that detection probabllity Lfollows
anpe law'; that is, we eliminate the problem of
detoction probabllity by assuming that detoctlon always occurs
et a ﬂxed range. Thie is equlvalent to the assumption that.
dotecticn timess rathsr than arrival tixﬁas; ors normally dis~
tributed. In practice 1% is probvably true that neither time
1s normally dfsiributed, and In ey case we are merely trying
to abtaln a first roupgh oastimate.

It should be pointed out first of all that, 1f the fefendcr
lmows .  (which he naver will) and if ho knows ¢  (which he
muy be able to ectimate). then even in thess happr eircumstances
he mast still cope with ihs particuiar (v} curve (step~-
function} of ths presert ongagement. This curve rspresonts
not o population, but 2 serple from the populaticn, and its
mean ond standeord deviatlon will almost surely not ve thoss of
*he popuirtion. All thls underllnes the fact that it_is rot

poasible to choose the "iY in Gs{%) 80 as to be absolutely

cortain of kseping the G(t)} graph above the F(t) graphe«

Ir. proactice, the defense will heve psrhaaps & Lfalrly gocd
estimate of ¢o; only = rough estluwie of My, and no idea at
all of e Let T, bo the time at which the expected propertion
of the populatlon that has been detected 15 », O <p < 1.
Suppose the f£irst enemy unit 1is detected at times tg. A declision
mst bs msde almost lmmediatelye. About the only kind of question
that can be answered at thils momsni, howsvor,; ls of this type:
"What L3 the earliest time that we must expect A= Ty/5
(or T, for soms other ©»)s provided we are willing to be in

orror in rot mors thans say. 5 percent of all ccses?™ To answer
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thil uée 1 oo a blama M cmcal Lot
TALE WO LD0K LOL & vaiue 4 . that

Priip= £o< T) = 0%

The prohability that Tp= t,< T 18 simply the probabiliiiy
that ¢, {(and honce every detcetion time in the sample) ia
grantor thon Tn- T. Hence

rit > o= 1)1

L2t §
2]

Pri{fy=~ $4< T) =
vhere t 1s the dotection time of a randomly chcsen unit and
M 13 the Totcl number of wnlts. To finmd T we must sclve

Pri{t > Ppe T) = (.05)1/M
Uslng & table of the normal curve, we find that

TEPpe M+ 131 g if M= 30

C9

s F Leib o AT ¥ = 40

>

=Tp- M+ 157 0 & N =50
The value of Tu~ A4 for any ¥, 2an be found in toerms of o
from e $abls of the normal ocurve.

As an example, ist us supposs that the first unit is
detected at time O and 18 axpected to enter A in L minutes.
If o =5 minutes; then Tp= 4 = (Geb5; (430, or T7.85 aseord-
ing us M = 30, 4O, or 50. This means that the planned arrival
time 4 23, and we can say this with "95% certainty™, not
earlier than 10.5, 113, or 11.8 minutes &f M = 33, i}0, or 50,
reapectively. We havs 7ot said that the probabllity ia 0.95
that the firet half of the units will not be in sarliex» than
thess times, but 1tV is clsar that the defenss will be well pre-
pared if he eoxpects about hall the units to be in A by time
11 or 12 minutes.
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12s RNevizsd Latimates.

Once the »aid 1a well under way, a cumulative .cpeord
of enemy units cdetected should show fairly well wisther eaily
decisions should be revissds On a shast of graph paper the

G1{¢) ocurves can be drawn beforehand:

/]

Units
of
Ai +F / /
revaf 6 //_‘-

G i

i

G i

AJ o - o
e

g ‘1 Y

I;Frti/:?
Figure 3

As oach enemy unit is detscted during the raid, its time of
arrival in region A can be estimated and the unit is then added
a8 another step in thse graph (Pigure 3). Suppose we are at
time %3 and have been using Gy (t), that is, sending eut CAP
in units of L. The step prepk indicctes times of arrival in A
of units already detscted and so tho graph extends beyond ths
preaent to a point Tp. DIvidently it will no lcuger be possibie
tc send eireraft in units of li; or even 3. In this case 2 will

apparently be & safe wnit slze, but it must be remernbored that

that part of the step graph betuwssn Ty and T, is stlll sub-
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Jset Te chanses zince the nscrest of several spproaching unlis

is not nocogsarily the first one to be detocteds In fact, as

we move alonz th: step propn indvo the futures it is to ve =x
peotod that an Incroagingly omalil fraction of units thet wiil
ultimately 1lle there have already been detected. Hencoe there
is 1likely %o b2 an gpparent leveling off of the graph near

the time T,y =and it would be dauygorous for $he defender te
take thie ai foes valuc, On the other hand, if he makes due

P WL I T PR Y

ellowonce for this offects ho shounld obialin useral lnformatlizn

from thc curndative graph

13« Statistical Lstimation

The preseding gectlon shoued how tho defenss con gother
end disriay inforrctlicon during the raild that will help him
in decidirg vhether to rovise his unit sige: UWe now investi-

088ibility of using mothods of statlstical estimsilon

112]
(4]
<
(¢
o
B
3

to holp in this decision. Some theory in this connection may
be found 1n referoncez {11, [3]s erd TL], the tables used being
in ©cferonce [2].

It is brouvght out belew that one cannot hops to estimate
all three of the perametors Isu, &rd ¢ from the dotectiom

imes of the fivast few dotocted unitse. However, if thore is

(33

previocus knovledgo of at least one of these parameters, 1t may

be pos=ible t¢ mrke useful predlctions durding the engagemand .
Ths first few detectlions made during a rald consbtitute

e "trunosatud sample® and from thls 1% is possible to estimalts

the moen and standard deviaticn of the populsticn. Cn= would

1ike to know at onces of courscs how good thess estimates are-

The above reforoncss ghivo asympiotic variancea of the estinates;
A

NG L N L i

i
1
=
2
1
i
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i
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but these avre ussiul only for large semples and there ia no
assurancs that the sawpies obtalned in {ihe present problem
will bs large evcugh for the aaymptotic varlances teo provids
ussiul epprorimations. The reldis considered hers conslst of
something like 4O to 50 enemy units, and there is litile polnt
in eaztimating unless a sarple of 10 or 20 provides ussful
satimates.

In erder %o provide a prsliminsry estimete of the preclialon
of the estimating procedure; twonty samples of forty nmunbers sagh.
wers drawn from a tabla of random normsl deviates. Thess nwa~
bexa have wesn 0 and standard devistion 1; so thet the forty
mumbers in a given sample rspresent arrivsl timss of cnowy units
atterpiing to arrive al time ¢ and doing so with errors af
standard deviation 1.

It was first attempied to estimate u(=0) and o(=1) '
and #({=40) from the firs%: 10 and al so from ks firss 20 ob=
servailons in gach sample. 7%hese eatimaiscs were so psor as teo
bs useless, even in the cage of 20 obsorvations, where b of the
20 entimates of M wore over 80 and ranged to over 800.

It 1s intuitlvely evidenb, howevsr, that 1f o is kaoun
the sstimatos cf 2 and N should be gsatly improvode Table
I shows the results, Ior twonty samples, of astlmating 4¢ and
M, givern o. Columns 2 and 3 givo estlimates of & anéd ¥ as
obtained Ifrom the first tan of the forty arrival timos in each
gsamples entries si~h on ">3,0" mean "greoter than 3.0" and in-
dicate that some numbher invclved was boyond the range of the

tabls. Columms ) and S give similar estimmites as abtained from
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the first 20 cbservetions in ¢ach ammples Colums 6 and 7
show the effecy oI an srror im the estimate of o by showing
entinates of i and M, for 20 observations, found on the

Incorrsct assumption that o = 0.75.
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Zatimnbes of u(=0) and 1(=h0}. given &

Semple 10 COobservations 20 Observations 20 QObservetions
Number c=1 c=1 o nisestimated as 0.79%
A M | I} A ot
i -Ce3 42 =0.5 29 -C.8 23
2 0.9 250 ~0.1 48 046 30
3 0.6 7 0.6 7 =0 29
b ~043 2l 040 35 =0y 2l
2 ol 125 =042 Lo =0.7 26
6 “0.i} 2k =Gl 22 =046 23
 § =55 >430 =0.1 37 ~0.6 2c
8 «0,1 a7 0.0 42 -0-6 26
] «049 250 0.5 h2 =046 26
10 ~0.8 16 0.1 48 =Ced> 29
1 #1l.3 >4 30 Ools 48 =0.2 &5
12 0.0 L8 =0.2 35 =S 20
i3 0.1 48 0.1 4o ~0.5 25
1 0.1 56 0.2 59 -0.5 ag
15 1.9 83 0.9 83 0.0 35
16 0.3 y2 0.5 aly -0.1 37
17 1.0 260 0.3 59 -0.3 32
18 >0.8 >430 =0sl 53 ~0.6 32
19 0.8 83 O.ly 48 - =01 36
20 0:3 L2 Q.6 83 =01 40
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In the case of 10 cbssrvations 1t eppears that estimctes
of «A sre usually falr. although estimates ¢ M are quite
poor. With 20 obssrvailons; estimoiss of /«t are goodl; while
those of M axrs fair. In genersl these eat mtss ars good
enough so that further sanmpling is warvanted providsd vas
goneral model is considered ussiule

The aoffect ¢f an ercr in the original estimate of o
ia partiocularly importante 1f onemy units actually arrive in
the manner consldered hsrs;,; 1t should be possible t¢ put a
lower bound cn o tho enemy being oapable cf increasing o _
either by accident or desigr, but unable to diminish ite Under-

estimation of ¢ is therafore cf more Interest than overesti-

2 2o o

mevion; ag the defender can take o to have its smallsst iikely
walue and know thet he 13 undereatimaitinge Thd last two aclicms
of table I show the effect of undercstimating o by 25%. The
resulting errors in the estinmetes of «¢ are not bad, dut tho
estimates of H &are comslstontly toe small end co can be dan-
gerous. In goneral, ii ¢ 1s talzen {0 be the smallest value
it eould oconceivably have, the attecker can only inercase o
and this haa the sffocts, so far sz 4 is concernod, of telling
the defense to be ready for tho mein part of the vitack a 1ittle
soonsr than it will actually come. On this cther hand; the de-
fenss coculd be easily fooled {if the eneny, says chould insroase
¢ purposely) ints iLinking the raid is smeller than it 1s ir
the dofense vases eatimetes of M strictly on thls mathod.
Finally thore is the posslblility thei the dslenss has,

Ifrcm Intelilgences an sstimets of the ocnenmy petential in corms

of muinzr ol aliciralte Aftcr Uon or tuenty units hove Lien
b, FI e 2
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dstected, some of the eariler cncs may have drawn nesw snough

80 that the unit slze can bs sstimateds from this asnd the

it el

& vem A

eztimate of totel aircraft one may estimate M. 3

If M were known exactly, there would not be mush left

for the defense to want te know; end the principal point of

interesy hasre, therefore, is the effoct of misestimating M.

In Table II this effect iIs studied for the same asmples usea

before. Here h stands for the proportlon of units not de~
tectod by the time estimntes aro mades slace ¥ = )0, the
true value of h 1a therefore 0.75 or 0.5 accurding as we
are ostimating from 10 or from 20 observatlons. ror clrollcity,
incorrect values of h were talksn o be 0.7 and §5.8 for the

._—’?"
ase o1

(4]

cbsorvationss and O.f and 0.6 Tor the case of 20

$r

bservations. Since one iLs parbtloularly concernsd here with
large errors, Table II summarizes tha resulis Ly siowing the
greatest orror {=zund; in parenthesess; the next graentast) cecuw=

ring over the twenty sampics ln each casoe

Tabls II
Largeat and Next Largest Lrrors In Estlmotes of i and

¢ from 20 Samples; Assuming Varlous Values of }i.

;
%
3

i
3
|
]
4
g
E
=
:
i
5
¢
&
=
§
=
g
=
=
5
-

Estimate of 10 Observations 20 Observoticus
40 {correct) B3 (oG4} 52 (49) b2 (o34} 27 (.25}
50 *93 (73} 36 {e53) 281 (e53) W34 {e28)
33 278 (.75) S1 {50) 56 (l18) 29 (u2hh)

A1l of thoase srrors are leas than le¢ In the ezczs gf 20

obasrvations, the worai arrcr chitained

O i s s
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0,61, IT = wera 5 miruisz; this would mean that the greatest
arror (in twenty sanmploes) in astimating 4. wag 3 minutes.

It appears that Iincorrect sstimation of M, vhen mistokes are
of the order of thoss c¢onsidered nere, dces not ¢o ruoch harm

to the sstimates of A4 and .

e

. PForcs Reqiirewents.

Th

concern of this papor has been with ciecisions thsty

[

are wads alfter o rald 1s dstected. Any declisisns madse i= tha

planning stagess however, such as the desigis

[al}
(¢]
=)
()
p»
-]
b
B
g

of CAP to lkeep alrborms, are obviously alded by kmowledge of
gteps vhut rmst be taken during an engagemsnt.

The graphisal treatment involving the F(t) and G{t)
surves can b2 heslpful in the planning stages. At this %ime
the dsfendsr has & groat deal more control over ths Gi{t)
grapiia than he Jdoes arfter an enzagement has besun. Pipure L

AL

shows, for examples two poealble forms ol 83(t), f.e., diiTsrent

forma that san be produszed without changing tha unit rige. Here

Vnits ,7£
o 4

G .~
-Az'»:‘:.a‘s_y'r‘: pot /

€".‘.l
Time
Pizure kb

G

jet &

{t} represents the case wherein only half as muoh CAP ias

kept airborne sg In GY{t). Thue ¢3(t) is weskor during ths

-}
H

i
d
£
-

S

_e
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first phase of tho ettack but later becomes stronger by vinitue
of the fact that a task groupy that ocarries lexs CAF can carry
more other fishtars end so oan keop putting them into the aip

longer after an sengagsment bogine. Civen the space rastriotions,
an uppsr limit tc the rumber of onesy wnlis, the desired sige '
for defznase units, and some knowledge of the detectiom capabili-
ties of the defensc, one ¢sn approrimata ths answer to ths
guestion, "How many CAP aircraft should be XZept airborne when

raids are possible?”

15. Conglusion:
ne of tne usss of & mathematical analysis such as the
present one 18 to polnt out zareas of knowledge, or simply ysre~
noters, wnore unseful sperational information is needed. Two
such areag that are emphasizad In this papor may bs desaribaed
by esline ths following two gusstions:
1. How do interzeptors "breesk up' a formation of atimck=-
ing bombers, aad what are the results of doing so?
2: UWhan a large number of sircraft attempt simudtancous
arrival at a given locotion, in whai way do they

actually arrive?

Ansalytlcal Research Group
Princston; N« Je .
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